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1. Introduction
For a nonempty set X, 2X denotes the class of all nonempty subsets of X and 〈X〉
denotes the class of all nonempty finite subsets of X.
If X is a subset of a vector space E, a set-valued mapping S :X → 2E satisfying
coA ⊂ S(A) for any A ∈ 〈X〉, is called a KKM mapping. It is well known that if S is
a KKM mapping from a convex subset X of a topological space E into 2E , then the family
{S(x): x ∈ X} has the finite intersection property (where S(x) denotes the closure of S(x)).
Motivated by this result, Park [14] introduced the concept of generalized KKM mapping
obtaining thus generalized KKM theorems and generalized matching theorems. Recently,
Chang and Yen [5] made a systematic study of the class KKM(X,Y ) which is defined as
follows.
Let X be a convex subset of a vector space and Y a topological space. If S,T :X → 2Y
are two mappings such that T (coA) ⊂ S(A) for any A ∈ 〈X〉, then S is called a generalized
KKM mapping w.r.t. T . A mapping T :X → 2Y is said to have the KKM property if for any
generalized KKM mapping w.r.t. T ,S :X → 2Y the family {S(x): x ∈ X} has the finite
intersection property.
In [13], Lin, Ko and Park extended the results of Chang and Yen to generalized convex
spaces, introducing the concepts of generalized G-KKM mapping (w.r.t. T ) and G-KKM
property. In the next section we recall these concepts and introduce a new one, namely that
of weakly G-KKM mapping (w.r.t. T ). Relating to this, in Section 3, we obtain some inter-
section results and minimax inequalities of Ky Fan type. In Section 4 we give a new class
of mappings with G-KKM property and establish a new Sion type minimax inequality.
E-mail address: mbalaj@uoradea.ro.0022-247X/$ – see front matter  2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2004.02.013
238 M. Balaj / J. Math. Anal. Appl. 294 (2004) 237–2452. Preliminaries
If X and Y are topological spaces, a mapping T :X → 2Y is said to be:
(i) upper semicontinuous (u.s.c.) if the set {x ∈ X: T (x) ∩ F = ∅} is closed in X, for
each closed subset F of Y ;
(ii) lower semicontinuous (l.s.c.) if the set {x ∈ X: T (x)∩ V = ∅} is open in X, for each
open subset V of Y ;
(iii) compact if the image T (X) of X under T is contained in a compact subset of Y .
A generalized convex space or a G-convex space (see [16,17]) (X,D;Γ ) consists of a
topological space X and a nonempty set D such that for each A ∈ 〈D〉 with the cardinality
|A| = n + 1, there exists a subset Γ (A) of X and a continuous function ΦA :∆n → Γ (A)
such that J ∈ 〈A〉 implies ΦA(∆J ) ⊂ Γ (J ). Here ∆n denotes any n-simplex with vertices
{ei}ni=0 and ∆J the face of ∆n corresponding to J ∈ 〈A〉; that is, if A = {z0, z1, . . . , zn}
and J = {zi0 , zi1 , . . . , zik } ⊂ A then ∆J = co{ei0, ei1, . . . , eik }. In the case D = X, then
(X,D;Γ ) will be denoted by (X;Γ ).
The main example of G-convex space corresponds to the case when X = D is a convex
subset of a Hausdorff topological vector space and for each A ∈ 〈X〉, Γ (A) is the convex
hull of A. For other major examples of G-convex spaces see [18,19].
Let (X,D;Γ ) be a G-convex space with D ⊂ X. A subset C of X is said to be Γ -con-
vex (or G-convex) if for each A ∈ 〈D〉, A ⊂ C implies Γ (A) ⊂ C. If Y is a nonempty set
and β ∈ R, we say that a function ϕ :X × Y → R is G-β-quasiconvex on X if for each
λ < β and y ∈ Y the set {x ∈ X: ϕ(x, y) < λ} is Γ -convex.
Definition 1. Let (X,D;Γ ) be a G-convex space, Y a nonempty set and T :X → 2Y ,
S :D → 2Y two mappings. We say that S is a generalized G-KKM mapping w.r.t. T if for
each A ∈ 〈D〉, T (Γ (A)) ⊂ S(A). If Y is a topological space, T :X → 2Y is said to have the
G-KKM property if for any mapping S :D → 2Y generalized G-KKM w.r.t. T , the family
{S(z): z ∈ D} has the finite intersection property.
Note that the notions introduced by Definition 1 coincide with the corresponding notions
in [13, Definition 1] only when D = X.
We give now a new concept:
Definition 2. Let (X,D;Γ ) be a G-convex space, Y a nonempty set and T :X → 2Y ,
S :D → 2Y two mappings. We say that S is weakly G-KKM mapping w.r.t. T if for each
A ∈ 〈D〉 and any x ∈ Γ (A), T (x)∩ S(A) = ∅.
Clearly each generalized G-KKM mapping w.r.t. T is weakly G-KKM mapping
w.r.t. T .
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The following extension to G-convex spaces of Fan’s matching theorem is well known.
For instance, it is equivalent with assertion (i) of Theorem 1 in [20].
Lemma 1. Let (X,D;Γ ) be a G-convex space, A ∈ 〈D〉 and {Mz: z ∈ A} an open or
closed cover of X. Then there exists a nonempty subset B of A such that Γ (B) ∩ ∩{Mz:
z ∈ B} = ∅.
Theorem 2. Let (X,D;Γ ) be a compact G-convex space, Y a nonempty set and T :X →
2Y , S :D → 2Y two mappings satisfying the following conditions:
(i) S is weakly G-KKM mappings w.r.t. T ;
(ii) for each z ∈ D the set {x ∈ X: T (x)∩ S(z) = ∅} is closed.
Then there exists an x0 ∈ X such that T (x0)∩ S(z) = ∅ for each z ∈ D.
Proof. Suppose the conclusion does not hold and for every z ∈ D put
Mz =
{
x ∈ X: T (x)∩ S(z) = ∅}.
Then the family {Mz: z ∈ D} is an open cover of X and since X is compact there is a
set A ∈ 〈D〉 such that ⋃{Mz: z ∈ A} = X. By Lemma 1 there exists a nonempty subset B
of A and a point
x0 ∈ Γ (B) ∩ ∩{Mz: z ∈ B}.
Since S is weakly G-KKM mapping w.r.t. T , by x0 ∈ Γ (B) we get T (x0) ∩ S(B) = ∅.
On the other hand, since x0 ∈⋂{Mz: z ∈ B}, we have T (x0) ∩ S(z) = ∅ for each z ∈ B ,
hence T (x0)∩ S(B) = ∅. The obtained contradiction completes the proof. 
Remark 1. Condition (ii) in Theorem 2 is fulfilled if Y is topological space, T is upper
semicontinuous and S has closed values.
The next result can be considered as a version of Theorem 2.
Theorem 3. Let (X,D;Γ ) be a G-convex space, Y a nonempty set and T :X → 2Y ,
S :D → 2Y two mappings satisfying the following conditions:
(i) S is weakly G-KKM mappings w.r.t. T ;
(ii) the sets {x ∈ X: T (x)∩ S(z) = ∅} are either all closed or all open, for all z ∈ D.
Then for each A ∈ 〈D〉 there exists a point x0 ∈ Γ (A) such that T (x0) ∩ S(z) = ∅ for all
z ∈ A.
Proof. Consider A ∈ 〈D〉 and for each B ∈ 〈A〉 put Γ˜ (B) = Γ (A) ∩ Γ (B). It is easily
seen that (Γ (A),A; Γ˜ ) is a G-convex space. Now the conclusion can be obtained using
the same argument as in the proof of Theorem 2. 
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is u.s.c. and S is closed-valued or T is l.s.c. and S is open-valued.
In the next theorem as in the other minimax theorems established in our paper we
shall suppose infx supy ϕ(x, y) > −∞ but all these results remain (trivially) true when
infx supy ϕ(x, y)= −∞.
Theorem 4. Let (X,D;Γ ) be a compact G-convex space and Y be a topological space.
Let T :X → 2Y be an u.s.c. mapping, ψ :D × Y → R, ϕ :X × Y → R be two functions
and β = infx∈X supy∈T (x) ϕ(x, y). Suppose that:
(1) for each z ∈ D, ψ(z, ·) is u.s.c. on Y ;
(2) for any λ < β , y ∈ T (x) and each A ∈ 〈{z ∈ D: ψ(z, y) < λ}〉 one has Γ (A) ⊂
{x ∈ X: ϕ(x, y) < λ}.
Then the following statements hold:
(a) infx∈X supy∈T (x) ϕ(x, y) supx∈X infz∈D supy∈T (x) ψ(z, y).
(b) If T (x) is compact for all x ∈ X, then there exists an x0 ∈ X such that
inf
x∈X supy∈T (x)
ϕ(x, y) inf
z∈D supy∈T (x0)
ψ(z, y).
Proof. Let λ < β be fixed and define S :D → 2Y by
S(z) = {y ∈ Y : ψ(z, y) λ}, z ∈ D.
By (1), S(z) is closed for each z ∈ D. We show that S is weakly G-KKM w.r.t. T . Suppose,
on contrary, that there exist A ∈ 〈D〉 and x ∈ Γ (A) such that T (x) ∩ S(A) = ∅. Then for
each y ∈ T (x), A ⊂ {z ∈ D: ψ(z, y) < λ}. Consequently, by (2),
x ∈ Γ (A) ⊂ {x ∈ X: ϕ(x, y) < λ} for all y ∈ T (x).
Hence supy∈T (x) ϕ(x, y) λ, which contradicts λ < β .
By Theorem 2, via Remark 1, there exists a point x0 ∈ X such that T (x0) ∩ S(z) = ∅
for all z ∈ D. Hence, we have that λ  infz∈D supy∈T (x0) ψ(z, y), and thereby λ 
supx∈X infz∈D supy∈T (x) ψ(z, y), which proves part (a).
Further, if T (x) is compact for all x ∈ X, then x → infz∈D supy∈T (x) ψ(z, y) is u.s.c. on
X because T is u.s.c. on X and ψ(z, ·) is u.s.c. on Y (see [2, Proposition 3.1.21]). Since X
is compact there exists an x0 ∈ X such that
inf
z∈D supy∈T (x0)
ψ(z, y) = sup
x∈X
inf
z∈D supy∈T (x)
ψ(z, y).
Therefore, part (b) follows from part (a). 
Corollary 5. If D ⊂ X, the conclusion of Theorem 4 holds if condition (2) is replaced by
the following two conditions:
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(4) ϕ|X×T (X) is G-β-quasiconvex on X.
Proof. It suffices to prove that (3) and (4) imply (2). If λ < β , y ∈ T (X) and A ∈ 〈{z ∈ D:
ψ(z, y) < λ}〉, then, by (3), A ∈ 〈{z ∈ D: ϕ(z, y) < λ}〉, and by (4), Γ (A) ⊂ {x ∈ X:
ϕ(x, y) < λ}. 
The origin of Theorem 4 and Corollary 5 goes back to Fan’s minimax inequality [6].
Our results include earlier Fan type minimax inequalities due to Tan [21], Ha [7], Park
[15], Liu [12], Kim [11].
The proofs of the following two variants of Theorem 4 are similar to that of Theorem 4
using as argument Theorem 3 instead of Theorem 2. For illustration we shall give the proof
of Theorem 7.
Theorem 6. Let (X,D;Γ ) be a G-convex space and Y,T ,ψ,ϕ,β be as in Theorem 4.
Then
inf
x∈X supy∈T (x)
ϕ(x, y) inf
A∈〈D〉 supx∈Γ (A)
min
z∈A supy∈T (x)
ψ(z, y).
If D ⊂ X, then the conclusion holds if condition (2) is replaced by conditions (3) and (4).
Theorem 7. Let (X,D;Γ ) be a G-convex space and Y be a topological space. Let
T :X → 2Y be an l.s.c. mapping, ψ :D × Y → R, ϕ :X × Y → R be two functions and
β = infx∈X supy∈T (x) ϕ(x, y). Suppose that:
(5) for each z ∈ D, ψ(z, ·) is l.s.c. on Y ;
(6) for any λ < β , y ∈ T (X) and each A ∈ 〈{z ∈ D: ψ(z, y)  λ}〉 one has Γ (A) ⊂
{x ∈ X: ϕ(x, y) λ}.
Then
inf
x∈X supy∈T (x)
ϕ(x, y) inf
A∈〈D〉 supx∈Γ (A)
min
z∈A supy∈T (x)
ψ(z, y).
If D ⊂ X, then the conclusion holds if condition (6) is replaced by conditions (3) and (4).
Proof. Let λ < β be fixed and define S :D → 2Y by
S(z) = {y ∈ Y : ψ(z, y) > λ}, z ∈ D.
By (5), S(z) is open for each z ∈ D. We show that S is weakly G-KKM w.r.t. T . Sup-
pose, on contrary, that there exists A ∈ 〈D〉 and x ∈ Γ (A) such that T (x) ∩ S(A) = ∅.
Then for each y ∈ T (x), A ⊂ {z ∈ D: ψ(z, y) λ}. Hence, by (6),
x ∈ Γ (A) ⊂ {x ∈ X: ϕ(x, y) λ} for all y ∈ T (x).
Therefore, supy∈T (x) ϕ(x, y) λ, which contradicts λ < β .
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T (xA)∩ S(z) = ∅ for all z ∈ A. Consequently, minz∈A supy∈T (xA) ψ(z, y) > λ, whence
sup
x∈Γ (A)
min
z∈A supy∈T (x)
ψ(z, y) > λ for all A ∈ 〈D〉,
which proves the first part of the theorem.
If D ⊂ X and condition (4) is fulfilled then, for each λ < β and y ∈ T (x), the set
{x ∈ X: ϕ(x, y) λ} =⋂λ<α<β{x ∈ X: ϕ(x, y) < α} is Γ -convex, since an intersection
of Γ -convex sets is Γ -convex, too. It is easily seen that (3) and (4) imply (6). 
4. G-KKM property
A G-convex space (Y ;Γ ) is called C-space (or H -space) if each Γ (A) is assumed to be
contractible or, more generally, infinitely connected (that is, n-connected for all n 0) and
if for each A,B ∈ 〈Y 〉, A ⊂ B implies Γ (A) ⊂ Γ (B). An LC-metric space (Y ;Γ,d) is a
C-space (Y ;Γ ) equipped with a metric d such that for any ε > 0, the set B(C, ε) = {y ∈ Y :
d(y,C) < ε} is Γ -convex whenever C ⊂ Y is Γ -convex and all open balls are Γ -convex.
For examples and details on C-spaces see [8,9].
If X is a topological space and Z ⊂ X, dimX Z  0 means that the covering dimension
of F is  0 for every set F ⊂ Z which is closed in X (see [10]).
The following is due to Ben-El-Mechaiekh and Oudadess [4, Lemma 2].
Lemma 8. Let X be a paracompact space, (Y ;Γ,d) an LC-metric space, Z ⊂ X with
dimX Z  0, and T :X → 2Y a l.s.c. mapping such that T (x) is Γ -convex for all x /∈ Z.
Then for each ε > 0, T admits an ε-approximate selection, that is, a continuous function
gε :X → Y such that gε(x) ∈ B(T (x), ε) for all x ∈ X.
Recall that if Y is a compact metric space and F is a finite closed cover of Y , then there
exist a positive number, denoted by ε(F , Y ) and called the Lebesque number of F (see
[1, p. 101]) having the following property:
for every nonempty set Z ⊂ Y of diameter (diamZ) less than ε(F , Y ), the set⋂{F ∈F :
F ∩Z = ∅} is nonempty.
Theorem 9. Let (X,D;Γ1) be a paracompact G-convex space, (Y ;Γ2, d) an LC-metric
space, Z ⊂ X with dimZ X  0 and T :X → 2Y a compact l.s.c. mapping with T (x)
Γ2-convex for all x ∈ X \Z. Then T has the G-KKM property.
Proof. Let S :D → 2Y be a generalized G-KKM mapping w.r.t. T . For simplicity we may
suppose that S has closed values and then we have to prove that the family {S(z): z ∈ D}
has the finite intersection property.
Let A ∈ 〈D〉. Since T is compact mapping, Y1 = T (Γ1(A)) is a compact metric space.
The mapping S being generalized G-KKM w.r.t. T we have T (Γ1(A)) ⊂ S(A), and since
S(A) is closed, Y1 ⊂ S(A).
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less than 12ε(F , Y1). By Lemma 8, there exists a continuous function gε :X → Y such that
gε(x) ∈ B(T (x), ε). Define the mappings T˜ :Γ1(A) → 2Y , S˜ :D → 2Y by
T˜ (x) = B(gε(x), ε), S˜(z) = S(z)∩ Y1.
One readily verifies that T˜ is an u.s.c. mapping with closed values.
We have already seen, in the proof of Theorem 3, that if for each B ∈ 〈A〉 we put
Γ˜1(B) = Γ1(A)∩Γ1(B), then (Γ1(A),A; Γ˜1) is a G-convex space. We prove that if we re-
place the G-convex space (X,D;Γ1) by (Γ1(A),A; Γ˜1) then S˜ is weakly G-KKM w.r.t. T˜ .
To this purpose let us consider B ∈ 〈A〉 and x ∈ Γ˜1(B). On the one hand, since T (x) ⊂ Y1
and S is G-KKM mapping w.r.t. T , we have T (x) ⊂ S(B)∩Y1 = S˜(B). On the other hand,
since gε is an ε-approximate selection of T , T (x) ∩ T˜ (x) = ∅. Thus T˜ (x) ∩ S˜(B) = ∅,
hence S˜ is weakly G-KKM mapping w.r.t. T˜ .
By Theorem 3 and Remark 2, there exists a point x0 ∈ Γ˜1(A) such that T˜ (x0) ∩
(S(z) ∩ Y1) = ∅ for each z ∈ A. Since diam T˜ (x0) < ε(F , Y1), it follows that ⋂{S(z):
z ∈ A} = ∅. 
Remark 3. From the previous proof, one can see that a compact mapping T : (X,D;Γ ) →
2Y (Y is a metric space) has the G-KKM property provided that for each ε > 0 there is an
u.s.c. closed-valued mapping Tε :X → 2Y such that diamTε(x) ε and Tε(x)∩ T (x) = ∅
for all x ∈ X.
If X and Y are topological spaces a function ϕ :X × Y → R is said to be marginally
l.s.c. on X (see [3]) if for every open set V ⊂ Y , the function x → supy∈V ϕ(x, y) is l.s.c.
on X. It is clear that every function ϕ :X × Y → R l.s.c. on X is marginally l.s.c. on X;
but the reverse implication is not true (see [3]).
Let X be a topological space, (Y,D;Γ ) a G-convex space with D ⊂ Y , and β a real
number. We say that a function ϕ :X × Y → R is almost G-β-quasiconcave on Y if for
each λ < β there exists Zλ ⊂ X with dimX Z  0 such that for any x ∈ X \ Zλ the set
{y ∈ Y : ϕ(x, y) > λ} is Γ -convex.
The last result is a Sion type minimax inequality.
Theorem 10. Let (X,D;Γ1) be a paracompact G-convex space and (Y ;Γ2, d) be a
compact LC-metric space. Let ψ :D × Y → R, ϕ :X × Y → R be two functions and
β = infx∈X supy∈Y ϕ(x, y). Suppose that:
(i) ϕ is marginally l.s.c. on X;
(ii) ϕ is almost G-β-quasiconcave on Y ;
(iii) ψ is u.s.c. on Y ;
(iv) for any λ < β , y ∈ Y and each A ∈ 〈{z ∈ D: ψ(z, y) < λ}〉 one has Γ (A) ⊂ {x ∈ X:
ϕ(x, y) λ}.
Then
inf
x∈X supϕ(x, y) sup infz∈Dψ(z, y).y∈Y y∈Y
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(v) ϕ(z, y)ψ(z, y) for all (z, y) ∈ D × Y ;
(vi) ϕ is G-β-quasiconvex on X.
Proof. Let λ < β be fixed and define T :X → 2Y , S :D → 2Y by
T (x) = {y ∈ Y : ϕ(x, y) > λ}, x ∈ X,
S(z) = {y ∈ Y : ψ(z, y) λ}, z ∈ D.
By (i), for each open subset V of Y the set
{
x ∈ X: T (x)∩ V = ∅}= {x ∈ X: sup
y∈V
ϕ(x, y) > λ
}
is open, hence T is l.s.c.
Condition (ii) implies that T (x) is Γ2-convex for each x ∈ X \Zλ. By (iii), S has closed
values, and condition (iv) implies that S is a generalized G-KKM mapping w.r.t. T .
By Theorem 9, the family {S(z): z ∈ D} has the finite intersection property and, since
Y is compact, there exists an y0 ∈⋂z∈D S(z). Consequently,
sup
y∈Y
inf
z∈Dψ(z, y) infz∈Dψ(z, y0) λ,
and the proof is complete. 
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